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Heavy electrons from Hund’s rule and short-range Antiferromagnetism
Karyn Le Hur
De´partement de Physique, Universite´ de Sherbrooke, Sherbrooke, Que´bec, Canada J1K 2R1
We investigate the one-dimensional ferromagnetic Kondo lattice in the hole-rich region. Of interest
to us is the intermediate situation where the ferromagnetic Kondo coupling (Hund’s coupling) is
comparable to the electron bandwidth. The forced alignment favors triplet states whereas singlet
states enter in a quite low-density regime. The direct antiferromagnetic exchange between the core
spins is assumed to still prevail over the double exchange. We discuss a solvable limit showing that
short-range antiferromagnetism in the spin array will affect the coherent propagation of triplets,
i.e., turns a light triplet into a heavy singlet, resulting in a heavy electron ground state.
PACS numbers: 71.10.-w,75.20.Hr,75.10.-b
I. INTRODUCTION
The Kondo effect basically involves a localized mag-
netic impurity embedded in a bulk metal and antifer-
romagnetically coupled to conduction electrons. This
strong-correlation phenomenon occurring in a variety
of different systems and settings1,2,3,4 really acts as
a paradigm in the field of strongly-correlated sys-
tems. A fascinating ground state where the impurity
is screened by a cloud of heavy electrons emerges at low
temperatures.5 Even though the one-impurity Kondo ef-
fect is well understood6 the practical situation of Kondo
alloys with a finite concentration of impurities such as
heavy fermion compounds is more subtle7 and especially
when approaching a quantum critical point.8 At the heart
of the central problem in those Kondo heavy fermion
systems is the question how local moments behave itin-
erantly and in particular how the conduction electrons
are counted in the presence of local spins. An attempt
to study this question has been e.g. performed in Refs.
9,10. Here, we are rather concerned by the ferromag-
netic region of the Kondo coupling. Of interest to us is
the ferromagnetic Kondo lattice model in the hole-rich
region. This model can be of relevance for a plethora of
electron systems dominated by Hund’s rule, such as oxide
manganites11 or the heavy fermion metal LiV2O4.
12,13
Our starting point is the one-dimensional (1D) model,
H = −t
∑
〈i,j〉,α
c†iαcjα (1)
− JH
∑
i,α,β
c†iα
~σαβ
2
ciβ ~Si + JAFM
∑
i
~Si~Si+1,
where c†iα creates a conduction electron of spin α at the
site i and ~Si depicts the spin
1
2 local moments; the con-
duction band embodies a Fermi gas. The conduction
electrons and the localized spins are coupled through a
ferromagnetic Kondo coupling or Hund’s coupling and
therefore JH > 0. The “core” spins are also directly
coupled through an antiferromagnetic interaction JAFM .
For JH ≪ (JAFM , t), as a reminiscence of the single-
impurity case, the ferromagnetic Kondo coupling fatally
scales to very weak couplings at low temperatures and
>> tJH JH JH
S
T
0 ~ t
FIG. 1: (color online) Schematic view of the depopulation
effect of singlet states by increasing the ferromagnetic Kondo
coupling. Here, we study the intermediate region JH ∼ t
where the singlet states enter in a low density limit and weak
antiferromagnetism between local moments still dominates.
thus can be ignored; the conduction electrons essentially
decouple from the spin array that forms a spin liquid with
short-range magnetism due to reduced dimensionality.14
In contrast, in the large JH ≫ t limit, the conduc-
tion electron spins adiabatically follow the core spins.
As elucidated by Anderson and Hasegawa,15 this induces
a ferromagnetic correlation Jdex[
JH
t ] between neighbour-
ing spins in order to facilitate coherent propagation. This
phenomenon, known as the double exchange mechanism,
leads to a ferromagnetic ground state at intermediate
densities if we assume reasonable values of JAFM (for
JH = 8t, following the Monte Carlo results of Ref. 16 this
precisely means JAFM < 0.11t). On the other hand, the
forced alignment also removes a large part of the Hilbert
space since at each site, doubly-occupied and the antipar-
allel singly-occupied states are both projected out. More
precisely, an electron combines with the core spin to form
two manifolds of total spin S = 0 (singlet states) and
S = 1 (triplet states). In the large JH realm, singlet
states are thus completely projected out as shown in Fig.
1. Moreover, in the ferromagnetic regime, the system can
be identified as an ideal metal since triplets can propa-
gate coherently, i.e., still behave as free fermions.17
Below, we are concerned by thermodynamic properties
of conduction electrons in the intermediate region JH ∼ t
where the double exchange becomes less important17,18
producing JAFM > Jdex and thus a residual antiferro-
magnetic exchangeK = (JAFM−Jdex) > 0 but neverthe-
2less singlet states enter in a low-density regime as a result
of the strong Hund’s coupling. In particular, one inter-
esting question arises: does the presence of heavy singlets
in low density and of the short-range antiferromagnetism
in the spin array will hinder the coherent propagation of
triplet states in the system and produce a heavy electron
ground state? This is precisely the question addressed
below that might be relevant to understand the heavy
electron ground state in LiV2O4. Let us mention that
the case where the singlet states are completely projected
out is beyond the scope of this paper and we will not
discuss the ferromagnetic phase. Note that other scenar-
ios involving an inter-site Kondo effect (that might be-
come important for larger Hund’s couplings) have been
explored in the context of LiV2O4.
19,20
II. MODEL
Again, the model under investigation is the Hamil-
tonian (1) in the intermediate realm where JH ∼ t
and JAFM > Jdex such that the core spins are cou-
pled through a residual weak antiferromagnetic interac-
tion K = (JAFM −Jdex) > 0 and form a low-dimensional
spin liquid embodied by spin-1/2 (spinon) excitations.
We use the continuum limit and linearize the disper-
sion of the conduction electrons; thus, ciα →
√
acα(x) (a
being the lattice spacing) and cα(x) is separated in left
(-) movers c−α(x) and right (+) movers c+α(x).
The spins ~Si → a~S(x) are related to the localized
electrons via ~S(x) = 12f
†
α(x)~σαβfβ(x). We exploit the
bosonization procedure for localized electrons fpα(x):
21
fpα(x) = [Cp(x)zpα(x)]/
√
2πa. (2)
Here, p = ± refers to the direction of propagation (right
(+) or left (-)), Cp(x) denotes the charge part and the
spin (spinon) operator is precisely defined as in our Ref.21
z†pα(x) = exp
[
iQαs
√
π
2
(−pφs + θs)(x)
]
. (3)
Qαs is related to the spin of a spinon via Sz = Q
α
s /2 and
Qαs = ±1 for α =↑, ↓. Now, we can use the fact that
charge fluctuations in the spin array are suppressed21
C†+(x)C−(x) = 1 as well as22 z†pα~σαβzpβC†p(x+)Cp(x−) =
z†pα~σαβzpβ[
a
a−ip(x+−x−) ]
1/2 such that ~S(x) only depends
on spinon operators. Note that deconfined spin 1/2 ex-
citations have also been discussed in higher dimensions
for certain classes of quantum critical magnets involving
frustrated spin arrays23 as well as for the Kondo lattice
close to quantum criticality.24 In the context of LiV2O4
the lattice is definitely frustrated ensuring the absence of
any antiferromagnetic order. Moreover, short-range an-
tiferromagnetism has been observed suggesting the for-
mation of a spin-liquid state in the spin array.12,13
At this step, we apply the standard spin decomposition
~S(x) = ~L−(x) + ~L+(x) + (−1)x (~n−(x) + ~n+(x)) , (4)
where ~Lp(x) = 12πaz†pα(x+)
~σαβ
2 zpβ(x
−)[ aa−ip(x+−x−) ]
1/2
embodies the q = 0 ferromagnetic component whereas
~n+ =
1
2πaz
†
+α
~σαβ
2 z−β and ~n− =
1
2πaz
†
−α
~σαβ
2 z+β stand
for the staggered magnetizations. Assuming incommen-
surate filling for the conduction band, hence we obtain
H = H0 −JH
∫
dx
(
c†−α
~σαβ
2
c−β
)
~L− + (− → +), (5)
where H0 = H1DEG +Hspins includes the kinetic energy
of the conduction electrons as well the Heisenberg inter-
action between local moments yielding a usual plasmon
form as a function of φs and θs,
21 and JH = JHa > 0
depicts the dimensionless Hund’s coupling. In particular,
it is well established that the staggered magnetization of
the local moments decouple from the conduction band at
relatively (short) length scales 1/(a−1π − 2kF ) with kF
being the Fermi momentum of the conduction band.14,25
Again, when JH ≪ (K, t), under renormalization
group (RG) flow, the ferromagnetic Kondo coupling
would irrefutably flow to weak couplings14,25 and the con-
duction band would essentially decouple from the spin
array. Now, to judiciously tackle the non-perturbative
region JH ∼ t and K ≪ JH where perturbative
RG arguments cease to be valid, we resort to Eq.
(2) resulting in26 L+− = [exp(i
√
2Φ−)]/(2πa), L++ =
[exp(−i√2Φ+)]/(2πa), Lz− = ∂xΦ−/(2
√
2π), and Lz+ =
∂xΦ+/(2
√
2π); we have introduced the chiral fields Φ− =√
π(φs + θs) and Φ+ =
√
π(φs − θs) and precise details
of the calculations can be found in Appendix A.
Our idea is to find a solvable limit analogous to the
Toulouse limit for the single-impurity case27 that explic-
itly takes into account the singlet-triplet basis.
III. SINGLET-TRIPLET MAPPING
The Hund’s coupling takes the form
HJH =
∫
dx
∑
p=+,−
−JH⊥
2πa
(
e−ip
√
2Φpc†p↓cp↑ + h.c.
)
(6)
− JHz
4
√
2π
∇Φp
(
c†p↑cp↑ − c†p↓cp↓
)
.
We can introduce composite fermionic objects by resort-
ing to the precious “gauge” transformation
K±↑ = c±↑ exp
(
∓ i√
2
Φ±
)
= c±↑z
†
±↑ (7)
K±↓ = c±↓ exp
(
± i√
2
Φ±
)
= c±↓z
†
±↓,
and the electron operators c±α commute with the
spinon operators. Exploiting the equality c†pαcpα =
K†pαKpα, we check that the K-objects are fermions:
{K†p↑(x),Kp↑(x)} = 1. Additionally, K−↑(x)K−↑(y) =
−c−↑(y) exp(iΦ−(x)/
√
2)c−↑(x) exp(iΦ−(y)/
√
2). After
3permuting c−↑(x)↔ c−↑(y), since the spin ~S(x) remains
immobile, this explicitly produces the re-definitions
K−↑(y) = c−↑(y) exp(iΦ−(x)/
√
2) and K−↑(x) =
c−↑(x) exp(iΦ−(y)/
√
2). Hence, we can verify the
fermionic exchange statistics {K−↑(x),K−↑(y)} = 0.
The Hund’s coupling then becomes
HJH =
∫
dx
∑
p=+,−
−JH⊥
2πa
(
K†p↓Kp↑ + h.c.
)
(8)
− JHz
4
√
2π
∇Φp
(
K†p↑Kp↑ −K†p↓Kp↓
)
.
We have decomposed the Hund’s (Kondo) coupling JH
into an Ising (JHz) and a transverse part (JH⊥). More-
over, by linearizing the spectrum of the conduction elec-
trons around the Fermi points, H1DEG turns into
H1DEG =
∫
dx
∑
α=↑,↓
ivF
(
K†−α∇K−α −K†+α∇K+α
)
(9)
+
∑
p=±
vF√
2
∇Φp
(
K†p↑Kp↑ −K†p↓Kp↓
)
,
where vF = 2ta sin(kF a) is the Fermi velocity. We
identify a solvable point JHz = 4πvF . Indeed, for
JHz = 4πvF , we can easily reveal the singlet-triplet
basis by resorting to the symmetric and antisymmet-
ric combinations, Tp = (Kp↑ + Kp↓)/
√
2 (triplets) and
Sp = (Kp↑ −Kp↓)/
√
2 (singlets). More precisely, we get
H =
∫
dx ivF
(
T †−∇T− − T †+∇T+
)
+ (T → S) (10)
−
∑
p=+,−
JH⊥
2πa
(T †p Tp − S†pSp)+Hspins.
The Hamiltonian (10) suggests the following interpreta-
tion: T refers to an itinerant electron with the lowest en-
ergy, i.e., forming a triplet state with the local moment at
the same site (that is in agreement with the strong JHz
and JH⊥ limit) whereas S refers to an electron forming
a singlet state with the local moment at the same site.
A singlet costs a supplementary energy ∆ = JH⊥/aπ as
it should be because this requires the spin flip of a con-
duction electron or of a local moment. Note, the weak
magnetism of the spin array is preserved through Hspins
as it should be for ferromagnetic Kondo couplings. Note
also that the Kp↑ operators do not have a simple interpre-
tation due to the coupling term −JH⊥2πa
(
K†p↓Kp↑ + h.c.
)
;
however, it is essential to apply the gauge transformation
of Eq. (7) to reveal the (physical) singlet-triplet basis.
IV. LOW-DENSITY SINGLET REGIME
Eq. (10) ensures the following Fermi wave vectors:
− 2t cos(kT ,SF a)∓
JH⊥
2πa
= −2t cos(kFa). (11)
Having in mind LiV2O4, we envision the situation of a
quarter-filled band. We infer the renormalized (Fermi)
velocities vT ,S ≃ 2ta(1 − [cos(kF a)∓∆/(4t)]2)1/2. For
∆/t → 0, we can check that the Hund’s coupling has
practically no effect, vS = vT ≈ vF . In contrast, for ex-
tremely large Hund’s couplings such that ∆ > 2t[2−√2]
the singlet band becomes completely depopulated and
vS = 0. We consider the intermediate coupling region
where singlets occur in low density: 0 < vS ≪ vT ∼ vF .
A. Solvable limit: JHz = 4pivF
Let us first discuss thermodynamic properties of the
whole system at the solvable limit JHz = 4πvF where
itinerant electrons and spinons essentially decouple; see
Eq. (10). Temperature is assumed to be smaller than K.
First, through Hspins the Curie-Weiss susceptibility of
the spin array will saturate to χK = L/(2πvK) and the
specific heat of the spin array reads CK = πTL/(3vK).
28
Here, vK = K/a embodies the velocity of the spinons.
Second, from Eq. (10), at JHz = 4πvF , the electronic
contribution to the specific heat takes the form Cel =
TLπ[1/(3vT ) + 1/(3vS)]. Below, we will thus refer to
Co = Cel + CK ≈ πTL
3vK
+
πLT
3vS
, (12)
as the total specific heat at JHz = 4πvF with 0 < vS ≪
vT . We can evaluate the electronic part of the magnetic
susceptibility by adding a term in the Hamiltonian (10):
HH = −H
2
∑
p=±
∫
dx
(
c†p↑cp↑ − c†p↓cp↓
)
, (13)
= −H
2
∑
p=±
∫
dx
(S†pTp + T †p Sp) .
To align itinerant electron spins along the magnetic field
direction this inevitably requires some spin-flip processes,
i.e., some triplet-singlet transitions and vice-versa. To
compute the free energy contribution to second order in
H, FH = − 12
∫ β
0 dτ 〈THH(τ)HH(0)〉, we will exploit the
Green function of the T± itinerant particles
GT±(τ, x− x′) =
1
2πvT
π/β
sin πβ [τ ∓ i(x− x′)/vT ]
, (14)
and similarly for S±. Hence, we obtain the expression
FH = −H
2L
4
∫ β
0
dτ
∫
dx¯
(
1
2πvT
)(
1
2πvS
)(
π
β
)2
(15)
×

∑
p=±
1
sin
[
π
β
(
τ − ip x¯vT
)]
sin
[
π
β
(
τ − ip x¯vS
)]

 .
x¯ = x − x′ is the relative coordinate. The main contri-
bution stems from x¯ ≈ 0 and small τ . We introduce the
4Weak AF + low−density singlets
TripletTripletTriplet Singlet
(a) (b)
FM
FIG. 2: (color online) When the spin array is ferromagneti-
cally ordered, triplets can freely propagate through the struc-
ture (a). When short-range antiferromagnetic correlations
between the core spins dominate, the hopping of conduction
electrons from site to site will turn light triplets into heavy
singlets (b) thus resulting in a heavy electron ground state.
short-time cutoff τmin = (2π∆)
−1 ∼ a/(2πvF ) such that
FH ≈ −H
2
2
Laτ−1min
4π2vT vS
= − LvFH
2
4πvSvT
. (16)
This gives rise to the magnetic susceptibility χel =
−∂2FH/∂H2 ≈ LvF /(2πvSvT ). Note in passing that
when ∆/t→ 0, we recover the free electron gas behavior,
Cel = 2πTL/(3vF ) and χel = L/(2πvF ). In the region of
interest to us 0 < vS ≪ vT ∼ vF , we rather obtain
χo = χel + χK ≈ L
2πvK
+
L
2πvS
. (17)
The singlet velocity vS mainly controls the thermody-
namic properties of the conduction band for JHz = 4πvF .
B. Deviation from the solvable limit
We argue that there is a more important contribution
induced by any realistic deviation from JHz = 4πvF that
will lead to the emergent heavy fermion behavior.
We put η = (vF − JHz/4π) /
√
2 > 0, resulting in
Hη = η
∫
dx
∑
p=±
∇Φp
(S†pTp + h.c.) . (18)
We emphasize that this term has a clear physical meaning
as illustrated in Fig. 2. More precisely, the short-range
antiferromagnetism in the spin array will hinder the co-
herent propagation of triplets, i.e., converts triplets into
heavy singlets through the hopping of conduction elec-
trons from site to site. Therefore, this should strongly
affect thermodynamic properties of the system. Now, to
show this explicitly we shall compute the free energy to
second order in η and in particular exploit the spinon
Green function (G∇Φp (τ, x¯) = 〈∇Φp(τ, x¯)∇Φp(0, 0)〉)28
G∇Φ± (τ, x¯) = 2π
2
(
(2vKβ)
−1
sin πβ [τ ∓ ix¯/vK ]
)2
. (19)
We extract two distinct contributions to the free energy
F1 = −2η2(La)
∫ β
0
dτ
[
GT +GS+G∇Φ+
]
(τ, 0) (20)
F2 = −η
2
2
(La)
∑
p=±
〈S†pTp + h.c.〉2
∫ β
0
dτ G∇Φ+(τ, 0).
Since those terms involve the core spins the short-time
cutoff has to be modified accordingly: τmin ∼ 1/(2πK).
Moreover, by exploiting Eq. (13), we identify 〈S†pTp +
h.c.〉 = χelH/L ≈ H/(2πvS). Finally, we obtain:29
F1 = −2η2T 2 Lπ
6vSvT vK
(21)
F2 = −2η2H2 L
2πv2S4vK
.
We deduce that F1 will (deeply) modify the specific heat
whereas F2 will renormalize the magnetic susceptibility:
δC = Co
vF
vS + vK
[1− JHz/(4πvF )]2 (22)
δχ = χo
vF
2
2vS(vK + vS)
[1− JHz/(4πvF )]2 .
Since (vK , vS) ≪ vF , we find that δC ≫ Co and δχ ≫
χo. It is relevant to note that the emergent heavy fermion
scale is ∼ η/a. We infer the following Wilson ratio
Rw =
δχ/χo
δC/Co
≈ vF
2vS
. (23)
Experiments on LiV2O4
12,13 report Rw = 1.8 suggesting
vF ≈ 3.6vS . Remember that the heavy fermion metal
emerges due to the prolific combination between the spin
environment with short-range antiferromagnetism and
the prominent Hund’s coupling leading to (vK , vS)≪ vF .
V. CONCLUSION
To summarize, we have studied thermodynamic prop-
erties of conduction electrons in the intermediate region
JH ∼ t of the ferromagnetic Kondo lattice model where
short-range antiferromagnetic correlations between the
core spins have been assumed to still prevail over the
ferromagnetic double exchange Jdex. Singlet states en-
ter in a quite low density regime as a result of the
prominent Hund’s coupling. We have explored a solv-
able limit showing explicitly that short-range antiferro-
magnetic correlations between the core spins affect the
coherent propagation of triplet states, i.e., convert a light
triplet into a heavy singlet, resulting in a heavy fermion
ground state. The situation is distinguishable from the
strong Hund’s coupling phase with ferromagnetic order-
ing where triplets can propagate coherently and thus be-
have as free fermions.17 This work might be relevant to
explain the heavy fermion physics of LiV2O4
12,13 without
invoking Kondo physics between a core spin and a con-
duction electron on a neighboring site.19,20 It would be
useful to develop similar theories in higher dimensions.
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5APPENDIX A: BOSONIZATION DICTIONARY
Here, we provide a pedestrian derivation of the q = 0
component of the spin operator ~S(x) starting from
f †pα(x) = [C†p(x)z†pα(x)]/
√
2πa. (A1)
We have introduced the spin (spinon) operator of Eq.
(3) and the charge operator. Since charge fluctuations
are completely suppressed in the spin array one obtains
~Lp(x) = 1
2πa
z†pα(x
+)
~σαβ
2
zpβ(x
−)
√
a
a− ip(x+ − x−) ,
(A2)
as explained in page 1. We can evaluate L++ exploiting
z†+↑(x
+)z+↓(x−) = ei
√
2π(−φs+θs)
√
a
a− i(x+ − x−) .
(A3)
This results in
L++ =
1
2πa
ei
√
2π(−φs+θs) a
a− i(x+ − x−) (A4)
→ 1
2πa
e−i
√
2Φ+ ,
and we have defined Φ+ =
√
π(φs − θs). We also infer
f †+↑f+↑ = −
i
2
√
2πa
∂xΦ+
a(x+ − x−)
a− i(x+ − x−) (A5)
∼ 1
2
√
2π
∂xΦ+.
In a similar way we get
f †+↓f+↓ =
i
2
√
2πa
∂xΦ+
a(x+ − x−)
a− i(x+ − x−) (A6)
∼ − 1
2
√
2π
∂xΦ+,
and therefore Lz+ = 12√2π∂xΦ+. We also extract
L+− =
1
2πa
ei
√
2π(φs+θs)
a
a+ i(x+ − x−) (A7)
→ 1
2πa
ei
√
2Φ− ,
where Φ− =
√
π(φs + θs). Finally, we find
Lz− =
1
2
(f †−↑f−↑ − f †−↓f−↓) (A8)
=
1
2
√
2π
∂xΦ−.
This is in accordance with the definitions of Ref. 28.
1 A. C. Hewson in The Kondo problem to Heavy Fermions,
ed. by D. Edwards and D. Melville, (Cambridge University
Press,United Kingdom, 1993).
2 L. Kouwenhoven and L. Glazman, Physics World Vol. 14,
No 1, 33, (2001).
3 H. Manoharan et al., Nature 403, 512 (2000).
4 A. Recati et al., Phys. Rev. Lett. 94, 040404 (2005).
5 Ph. Nozie`res, J. Low Temp. Phys. 17, 31 (1974).
6 N. Andrei, Phys. Rev. Lett. 45, 379 (1980); P. B. Wieg-
mann, JETP Lett. 31, 364 (1980).
7 O. Zachar, S. A. Kivelson, and V. J. Emery, Phys. Rev.
Lett. 77, 1342 (1996).
8 J. Custers, P. Gegenwart, H. Wilhelm, K. Neumaier, Y.
Tokiwa, O. Trovarelli, C. Geibel, F. Steglich, C. Pe´pin, P.
Coleman, Nature 424, 524 (2003).
9 M. Oshikawa, Phys. Rev. Lett. 84, 3370 (2000).
10 P. Sinjukow and W. Nolting, Phys. Rev. B 65, 212303
(2002).
11 S. Jin et al., Science 214, 413 (1994); A. P. Ramirez, J.
Phys. Cond. Matt. 9, 8171 (1997).
12 S. Kondo, et al., Phys. Rev. Lett. 78, 3729 (1997).
13 C. Urano, et al., Phys. Rev. Lett. 85, 1052 (2000).
14 K. Le Hur, Phys. Rev. B 56, 14058 (1997).
15 P. W. Anderson and H. Hasegawa, Phys. Rev. 100, 675
(1955).
16 S. Yunoki and A. Moreo, Phys. Rev. B 58, 6403 (1998).
17 J. Betouras and S. Fujimoto, Phys. Rev. B 59, 529 (1999).
18 For a review, E. Dagotto, S. Yunoki, A. L. Malvezzi, A.
Moreo, J. Hu, S. Capponi, D. Poilblanc, and N. Furukawa,
Phys. Rev. B 58, 6414 (1998).
19 V. I. Anisimov, M. A. Korotin, M. Zo¨lfl, T. Pruschke, K.
Le Hur, and T. M. Rice, Phys. Rev. Lett. 83, 364 (1999).
20 J. Hopkinson and P. Coleman, Phys. Rev. Lett. 89, 267201
(2002).
21 K. Le Hur, Phys. Rev. B 63, 165110 (2001).
22 Even though [a/(a−ip(x+−x−))]1/2 tends to 1 (x+ ∼ x−)
we keep it explicitly to obtain the correct Lzp in page 1.
26
23 A. V. Chubukov, T. Senthil, and S. Sachdev, Phys. Rev.
Lett. 72, 2089 (1994); P. Azaria, P. Lecheminant, and D.
Mouhanna, Nucl. Phys. B 455, 648 (1995); T. Senthil, L.
Balents, S. Sachdev, A. Vishwanath, and M. P. A. Fisher,
Phys. Rev. B 70, 144407 (2004).
24 C. Pe´pin, Phys. Rev. Lett. 94, 066402 (2005).
25 A. E. Sikkema et al., Phys. Rev. Lett. 79 927 (1997).
26 R. Shankar, Bosonization: how to make it work for you in
Condensed Matter, Acta Phys. Pol. B 26, 1835 (1995).
27 G. Toulouse, Phys. Rev. B 2, 270 (1970).
28 T. Giamarchi, Quantum Physics in One Dimension
(Clarendon Press, Oxford, 2004).
29 F1 ∝ T
2 and F2 ∝ H
2 are in agreement with the fact that
η is a marginal coupling.
